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An approximate solution for the discharge of a turbulent jet into a 
fluidized bed is presented. It is assumed that the boundary layer is 
divided into two zones. The validity of this model has been con- 
firmed by experiment. 

Exper iments  on special apparatus  show that when 
a horizontal  ax i symmet r i c  a i r  jet disch~trges into a 
fiuidized bed at flow veloci t ies  exceeding the c r i t i ca l  
value, a tongue of gas is formed in the bed. In the 
ini t ia l  section the tongue expands; then it contracts  
and c loses .  The gas tongue is a lmost  horizontal  and 
slightly incl ined upward. I ts  d imens ions  inc rease  
with inc reas ing  nozzle exit velocity, decreas ing  bed 
bulk-weight,  and inc reas ing  intensi ty  of fluidization, 
a s suming  that the bed par t ic les  a re  the same.  

Observat ion  of par t ic le  behavior  at the boundary of 
the gas tongue indicates that nea r  the nozzle the p a r t i -  
cles move toward and then along its surface.  The m o -  
t ion of the par t i c les  together  with the tongue is quickly 
damped in a d i rec t ion perpendicu la r  to its surface.  

Exper imenta l  study indicates  that expansion of a 
turbulent  jet  in a fluidized bed is accompanied by the 
format ion of a turbulent  boundary layer  consis t ing of 
two zones: a pure gas zone (without solids), and a 
two-phase zone consis t ing of gas and par t i c les .  The 
zone boundaries  are  de termined by the gas velocity, 
which for a monodisperse  bed is equal to the cr i t ica l  
veloci ty [1]. This  applies to horizontal  as well as 
ver t ica l  jets ,  as conf i rmed by the exper imenta l  data 
of [2, 3]. 

The equation of motion for the turbulent  two-di-  
mens ional  boundary layer  of a free jet is 

Ou Ou Ou'v' 
u--~- + V ~ -  + ~ - -  =0 .  (1) 

According to Prandtl, the apparent turbulent f r ic -  
tion [4] is 

"~xu = - -  P u' v' (2) 

or 
au 

�9 ~ = - -  psk ~ - .  ( 3 )  

In accordance with the assumpt ion  that there are  
two zones we will have two values for the apparent  
turbulent  v iscos i ty  coefficient ekl and ek2 in each 
sect ion of the bed. As shown by G. N. Abramovich  
[5], the general  express ion  for the turbulent  v i scos -  
ity coefficient is 

e k = u b (Umax - -  U m i n ) .  

Then in the gaseous boundary l aye r  

ek, = zz bt (urn - -  us) (4) 

and in the gas -so l id  zone of the boundary l aye r  

ek, = • - -  bt) (us--  Ug.s). (5) 

In accordance with P r a n d t l ' s  theory, the fluctuating 
components  normal  to the s t r eaml ine  of the averaged 
motion in each zone of the boundary l ayer  a re  propor-  
tional to the rate  of change of jet  thickness 

v; ~ db--L-t (6) 
d'~' 

d ( b - - b t )  ( 7 )  

v ~  dT 

The inc rease  in the thickness of each zone along 
the jet  can be expressed  as follows 

dbtdx - -db t  ( d T ) d x  - ~ x  ! (8) 

and 

d ( b - - b t )  d ( b - - b t )  ( d ' ~ )  (9) 
dx = d x " , , --~x ~ ' 

where (dx/d~-)l and (dx/d~-) 2 a re  the mean veloci t ies  
over the section in each zone. 

Assuming  that the mean ve loc i t i e s  in each zone 
are  approximately equal to the a r i thmet ic  mean  of 
the veloci t ies  at the boundaries  of the zones, i . e . ,  

and 

7 T h e -  ~ . (10) 

we obtain the inc rease  in the thickness of the boundary 
l ayer  by zones 

db t 2v~ 
dx ~ u~, t -  Us (12) 

and 

d(b --bt) 2v' 2 (13) 
dx U s + U g .  s 

Assuming  that the inc rease  in the thickness of the 
boundary l aye r  along the jet  in each zone is constant ,  
we can wri te  

and 

.b t 20~ 
x+xo Urn + us 

b - - b  t 2v" 2 

x + xo u s + Ug.s -" 

(14) 

(15) 
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Since the veloci ty gradients  over the thickness of the 
boundary l aye r  in each zone can be approximated by 

aul ~ um - -  us and Ou~ ~ __ us - -  ug-s 
Oy - -  bt Oy b - -  b t 

the turbulent  f r ic t ion in the zones will be 

(Tx,)i = • (Urn - -  Us) ~, ( 16 ) 

( ~ , ~ ) ,  = x~o~ (us - -  u~.s)2. (17) 

On the other hand, assuming  u' = v'  for each zone, 
we can wri te  

( '~y) i  = Pg (vl)2, ( 18 ) 

(Txy)~ = P~ (v2) ~. (19) 

By compar ing  Eqs. (16), (17), (18), and (19) we 
can obtain express ions  for v'l and v~ and, subst i tut ing 
into Eqs .  (14) and (15), the thickness of the boundary 
l aye r  along the length of the jet  in each zone can be 
de te rmined  

bt -- Ci u r n - u s  (20) 
x %- xo u~ %- us 

and 

b - - b t .  = C~ Us--U~'s (21) 
x %- xo u,  %- u~.s 

Here, CI = ~12 I/2, C 2 = ~221/2. 
The over-all thickness of the boundary layer is 

given by. 

b - - C i  u r n - u s  %-C2 Us-r'Ug-s 

x %- xo um %- us u~ %- u~_s 
(22) 

and the change in thickness by 

x d -t %- 
dx 

+ C~ us - -  ug.s 
U s %- Ug-s 

(23) 

At x = x t, s ince u m = u s, the thickness  of the bound- 
ary  l aye r  is given by 

b __ C2 us --ug-s (24) 
xo %- xt us %- u~., 

When a liquid jet discharges into a fluidized bed 
composed of a liquid and solid particles, all the re-  
lations derived above remain valid. 

Because of the presence of two zones the density 
of the boundary layer is not uniform over its thick- 
ness. In the gas zone the density is equal to the density 
of the gas and in the case of an isothermal incom- 
pressible gas, ~he flow will be constant. In the "gas- 
solid" zone the density is hundreds of times higher than 
the gas density owing to the presence of the particles. 
In this zone the flow velocity varies from the critical 
velocity to the fluidization velocity and, consequently, 

the density changes value. F o r  an exact de t e rmina -  
tion of the mean velocity and mean density it is neces -  
sa ry  to know the law of var ia t ion  of densi ty over the 
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Fig.  1. Average  densi ty of je t  (kgf/m ~) 
as a function of the gas velocity on the 
axis ( m / se e )  at u s = 10 m / s e e ;  Cl = 

' 3 =0.73 ;  C2-----0.1:1)gpf=250 kgf /m ; 
2) 500.  

thickness of the zone. With a ce r ta in  assumpt ion it 
is possible  to take the density p} of the "gas-so l id"  

zone equal to 0.5 (pg + pf), and when Psoi > Pg equal 
to half the density of the fluidized bed (0.5 pf). 

The mean density of the boundary layer is obtained 
averaging the densities of the two zones. Since the 
thickness of the zones is not the same along thelength 
of the jet, the mean density will also vary. From 
Eq. (21) it follows that the thickness of the "gas-solid ~ 
zone increases continuously, and therefore the mean 
density also increases. 

For each cross section of the boundary layer the 
momentum can be expressed in terms of the mean 
density and represented as the sum of the momenta 
of each zone. 

Then for an axisymmetric jet 

+@.0~) ~ u~, ,  (25) 

where 
u m %- Ug-s um %- us 

Uav = ; Uavl= - - ;  
2 2 

h~ s %- Ug-s 
Uav~ "-- 

2 

Substi tut ing the values of b t and b from Eqs.  (20) 
and (21) into (25), we obtain an express ion  for Pay" 

| u 2 

Pav=Pg (I%-A) ~ u@ %- 

+0; I (I+A) ~ a''' (26) 

where 

A =  C~ (us--ug-sJ (urn§ - j  

Cl (Us § U~-s) (u.~--us) 
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Thus, the average densi ty of the boundary l ayer  
depends on the densi t ies  of the gas and the fiuidized 
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Fig.  2. Velocity profi les  in var ious  
sect ions  of the jet  (a) and d imens ion-  
l e s s  velocity profi le  of a horizontal  
jet  (b) at u0= 303 m / s e c  and r0 = 
= 2  mm: 1) x = 2 0  m m 2 )  30; 3) 55; 

4) 65. 

bed, on the cr i t ica l  par t ic le  soar ing velocity and on 
the velocity at the jet  axis (on the principal  sec t ion) .  

Fo r  known pg, pf, C1, C2, u s , Ug_ s, and u m it is 
possible  to de te rmine  the var ia t ion  of the average 
densi ty along the length of the pr incipal  section of the 
jet .  F ig .  1 p resen t s  the average density on the pr incipal  
sect ion of the jet as a function of the velocity on the 
jet axis,  calculated with Eq. (26) for an a i r  jet  at 
pg = 0.102 kg �9 sec 2 �9 m -4 at coefficient values  of C1 = 
= 0.73 and C2 0.1. 

We see that the density is not constant  along the 
length of the jet, but i nc rea se s  with decrease  in the 
veloci ty at the jet  axis.  At the same flow velocity the 
average density inc reases  together with the densi ty 
of the fluidized bed. 

In the general  case the average density in sect ions  
of the jet  va r ies  f rom the jet exit densi ty to the den-  
s i ty  of the fluidized bed. If the jet  dens i ty  is close to 
the densi ty  of the fluidized bed, the average densi ty  
will vary  l i t t le  along the length of the jet .  This  may 
be the case when a liquid jet  d i scharges  into a "l iquid-  
solid" fluidized bed or when a gas jet flows into a 
low-densi ty  bed, i . e . ,  a bed with low solid concen-  
t ra t ion or a low-densi ty  solid phase.  

To de te rmine  the var ia t ion  in the veloci ty of a 
turbulent  ax i symmet r i c  jet  we solve the momentum 
equations by Abramovich ' s  method for free turbulent  
jets  and jets  in pa ra l l e l  flow [5,6]. 

When a turbulent  jet en te rs  a fluidized bed, the 
integral  equation of momentum conservat ion  has the 
form 

M 
,f Pav(u--u~ -S)22~rdr~" ~Pg r2 (uO -ug's)2" (27) 
0 

Assuming  the velocity f ields are  s imi l a r  in any 
sect ion of the jet, we de te rmine  the re la t ion  between 

the veloci ty u and the veloci ty u m on the jet axis f rom 
Schl ieht ing 's  equation [7] 

t l m - - U g ,  s 

The assumpt ion of s imi l a r i t y  for the velocity fields 
in any section requ i res  exper imental  ver i f icat ion.  

After  subst i tut ing (28) into (27) we obtain 

20,, b~ (Urn - -  Ug.s) ~ ~ ~--g" I j T d b 
0 

= pg r~ (Uo - -  ug . s ) ,  ( 2 9 )  

and f rom (29) the velocity on the axis will be 

ro(uo-%~) ~/~  p--~- (30) 
Um ~ ug.s -- 0.366 b ~ /  Pay 

Substi tut ing b from (22) and Pav from (26), we 
finally obtain 

U m - -  t/g.s 

(Uo - -  Ug-s) r0 r ] 
0.366 [ C1 u,~ : U s  __C2 us - -  Ug.s (X+Xo) 

k Urn -}" U s t/s + ttg.s 

~( [ 1 -I 2(urn+u,) 2 

X 

(31) 

Thus, the velocity on the pr incipal  section of the 
jet dec reases  along its length. The fall in flow veloc-  
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Fig.  3. Var ia t ion of velocity on jet  
axis (a) and calculated profi le  (b) at 
u 0 = 230 m/sec  and r 0 = 3 m m ;  I) "gas-  
solid" zone of boundary layer ;  II) gas 
zone of boundary layer ;  0) expe r imen-  
tal points (in b, x is in mm,  and u M in 

m / s e c ) .  

ity depends to a cons iderable  extent on the density of 
the fluidized bed. As the l a t t e r  inc reases ,  the flow 
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velocity decreases ,  the densi ty  of the bed exer t ing  an 
inc reas ing  influence for d imin ish ing  veloci t ies .  At 
u m = u s the average densi ty becomes equal to half the 
densi ty of the fluidized bed, and compar ing  (30) and 
(24) we obtain an express ion  for the length of the gas 
tongue 

xt + x o =  

(32) 
0-366(us - -  ug.~) C= (us - -  Ug;s) V P~ " 

(Us-+ Ug.s) 

If the jet  en te rs  the fluidized bed horizontal ly,  the 
velocity vector  at the boundary between the ngas- 
solid" zone and the fluidized bed wilt be directed 
ver t ica l ly ;  accordingly Ug_ s = 0; if the turbulent  jet  
en te r s  the bed flowing ver t ica l ly  upward, the veloci ty 
at the boundary of the "gas-sol id"  zone will be equal 
to the cons t ra ined  c r i t i ca l  velocity,  i . e . ,  Ug_ s = Uc. s" 

If the exper imenta l  coefficients C1 and C z are  known 
with the approximate equations obtained the conf igura-  
tion of the jet  in the fluidized bed can be de te rmined .  

Compar i son  with data on the flow of a semibounded 
horizontal  and unbounded ver t ica l  ax i symmet r i c  jet  
conf i rms  the validity of the model for an approximate 
solution of the problem [2]. 

The s imi l a r i t y  of the velocity f ields in the gas 
tongue assumed in solving the problem was exper i -  
menta l ly  conf i rmed.  Graphs of the var ia t ion  of the 
velocity profi les  in var ious  sect ions  along the length 
of a horizontal  and ver t ica l  jet  are  presented  in F igs .  
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Fig.  4. Velocity prof i les  in var ious 
sect ions  (a) and d imens ion les s  ve loc-  
ity profi le  of a ver t ica l  jet  (b) at  u 0 = 
= 190 m / s e e  and r 0 = 2 m m  (u in m /  
sac; r ,  x i n m m ) :  1) x =  1 0 m m ;  2) 

20; 3) 30; 4) 40; 5) 50. 

2 and 4, which also include graphs of the dimension- 
less velocity profile 

(r) 
- - = f  u~ 

where r 0.8 is the radius  of the jet  cor responding to a 
flow velocity u = 0.Su m. 

The values  of C1 and C 2 r ema in  prac t ica l ly  the 
same for different  exit veloci t ies  and ini t ial  radi i  of 

Exper imenta l  Values of the Coefficients C1 and C z 

Nozzle diana- Exit velocity, Length of jet,1 
eter, mm m/sec I mm i C~ C~ 

For a hor izonta l je t in  a fluidized bed ofcopolymar  particles 4 • 3 .72mm = 
= 1.17; 7b = 502 kg]m3; u s = 10.4m/sac. 

4 3 0 3 . 0  I18 0,84 0 .05  
6 134.8 72 0.89 0 ,05  
6 112.4 6~ 0.83 0 ,05  
6 52.3 28 0 .85  0 ,05  
6 110.2 60 0 .80  0.05 
4 174.0 65 0 ,8 l  0 .05  
4 198.2 73 0,85 0 .05  

For a vert ical jet ln a fluidized bed of copolymer particles 3.33 X 3.16 mm; 
W = 1.10;Tb = 560 kg/m3; u s = 8A m/see. 

4 J 192.2 58 0.904 0.07 
4 [ I37 ,0  40 0,847 0.07 
4 83.4 25 0,889 0.07 

a jet flowing into a fluidized bed of constant  densi ty 
(see tab le ) .  

The re la t ion  between C 1 and C 2 can be expressed  
a s  

Thus, to calculate  the behavior  of the jet  it is suf- 
f ic ient  to know C1. 

F igu re  3b p resen t s  the calculated and the experi -  
mental  value of um. The agreement  is sa t is factory.  In 
the calculat ions  we assumed x 0 = 0. 

The calculated jet  configurat ions (Fig. 3 ) are  s imi l a r  
to those v isual ly  observed and show that at pf >> pg 
the thickness of the "gas-sol id"  zone of the boundary 
l ayer  is smal l ,  which is a consequence of momentum 
t rans fe r  between phases of unequal densi ty.  Accord-  
ingly, the jet cont rac ts .  Reduction of the jet c ros s  
sect ion is observed at u m = 2u s. 

The configurat ions obtained conf i rm the inev i tab i l -  
ity of a discont inui ty  when the densi ty of the jet  is 
much l e s s  than the density of the fiuidized bed under  
condit ions of formation of a ver t ica l  gas tongue whose 
length is l e s s  than the thickness of the bed, and of a 
horizontal  tongue within the bed. 

NOTATION 

u, u0, Uma x, Umi n, urn, u s, Uc~ Ug_ s a re  flow 
veloci t ies :  in any section of the jet, i~i the init ial  sec-  
tion, the maximum and mi n i mum sect ions  at edge of 
boundary layer ,  at the axis of the ax i symmet r i c  jet, 
the f ree  cr i t ica l  soar ing velocity, the cons t ra ined 
cr i t ica l  soar ing  velocity, at the boundary between the 
~gas-sol id"  zone of the boundary layer  and the f lu id-  
ized bed; ekl,  ek2 a re  the turbulent  v i scos i ty  in the 
gas and gas - so l id  zones of the boundary layer ;  v~, v~ 
a re  the f luctuating velocity components in the zones 
of the boundary l ayer ;  x and x0 a re  the d is tances :  
f rom nozzle outlet, to pole of pr incipal  jet  sect ion;  
x t is the length of the gas tongue; b is the boundary-  
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l a y e r  th ickness  ( rad ius  of p r inc ipa l  sec t ion  of a x i s y m -  
m e t r i c  jet) ; b t is  the th ickness  of the gas  zone of the 
boundary l a y e r  ( rad ius  of gas  tongue) ; r 0 and r a r e  
the ini t ia l  and v a r i a b l e  je t  rad i i ;  ~'xy is  the turbulent  
f r i c t ion ;  C1 and C 2 a r e  exper imen ta l  coeff ic ients ;  

! 

Pav, Pf, Pf, Pg, PM a r e  dens i t i e s :  ave r age  over  je t  
c r o s s  sect ion,  of f lu idized bed, in ~gas - so l id  ~ zone, 
of g a s ,  and of so l ids ;  W is  the f luidizat ion number ;  
"/b is  the bulk weight of bed.  
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